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am 

Reduction  in  stress  concentration  in  plates  wiLh .angular 
notches,  by  modirying~the~ continuity  of  the  noucn  without 
changing  the  radius  of  curvature,  is  attempted  on  the  ex¬ 
ample  of  a  plate.;  of  infinite  dimensions  with  a  quasi-square 
hole.  For  a  plaW extended  along  the  Ox  axis  by  uniformly 
distributed  forces ,  the  reduced  contour  conditions  for  the 
opening  are  mathematically  derived,  and  the  maximum  stress 
along  the  contour  is  calculated.  A  reduction  in  maximum 
stress  by  20$  was  obtained  by  optimizing  the  contour. 


In  order  to  decrease  the  stress  concentration  in  a  plate  with  triangular 
and  other  angular  notches,  the  designer  usually  rounds  off  all  angles  and  at¬ 
tempts  to  increase  the  radius  of  curvature  as  much  as  possible.  However,  the 
maximum  radius  of  curvature  is  dictated  by  design  considerations  and  may  be 
considerably  restricted.  It  is  also  possible,  at  constant  radius,  to  reduce 
the  stress  concentration  by  improving  the  continuation  of  the  notch.  The  pre¬ 


sent  jrork  is  devoted  to  this(  question.^ 

•'  ( •  t  If-",  '  ir  <  1  ;A(’  !  ItJ 

'Let  iis  consider  the  problenCas  applied  to  extension  along  the  axis  Ox  of  an 
unbounded  plate  with  an  almost  square  opening. j  The  problem  of  the  distribution 
of  stresses  in  a  plate  with  a  notch  of  various  configurations  has  been  solved  Jfr' 
by  Academician  N.I.Muskhelishvili  (Bibl.l)  and,  for  a  number  of  important  cases, 
by  Academician  G.N. Savin  (Bibl.2). 


,/f 


Let  us  take  as  the  representative  function 


z=©(g)=S 


(1) 


The  coefficients  k,  m,  and  n  will  be  regarded  as  parameters.  Let  us  find 
their  values  under  the  conditions  that  thgdr  minimum  radius  of  curvature,  cor¬ 
responding  to  an  angle  of  9  =  4^  (£  =  e1  ) ,  must  be  equal  to  a  specified 
value  p3 1 n  ,  that  the  maximum  stress  on  the  curve  near  the  angle  9  =  4>  is  the 
stress  at  the  point  corresponding  to  9  =  90° ,  and  that  the  maximum  stress  must 
be  minimum. 


*  Kharkov  Polytechnic  Institute;  received  May  4,  1964. 

Numbers  in  the  margin  indicate  pagination  in  the  original  foreign  text. 


The  radius  of  curvature  paln  for  the  representative  function  (l)  and  the 
angle  0  =  4?  will  be 


^mln - B  X 

x  _ _ (1  —  3/e  —  7m  —  1  In)3 

’  —27/e2— 343m2—  1 33 1  «a+  6/e— 2 1 0/em— 1 38Gmrc  42m— 462/m + 1 1  On ' 

The  stress  function  cp(£)  is  represented  in  the  form 


(2) 


<P(D  =  <Pi(0  +  <Po(5).  (3) 

where  cpi  (0  characterizes  the  stresses  in  a  plate  without  an  opening;  %  (£)  are 
the  additional  stresses  connected  with  the  presence  of  a  notch.  Here,  cp0(£)  is 
determined  from  the  functional  equation  of  N.I.Muskhelishvili  (Bibl.l) 


.n  _ ,  1  f  ©  (cr)  ■  ■  do  ,  -r  1  f  f\  +  . 

%(£)+si'J  ^+t«“25rJ 


(4) 


For  a  plate  extended  along  the  axis  Ox  by  uniformly  distributed  forces  p, 
the  reduced  contour  conditions’  f?  +  if£  and  the  function  cpx  (£)  are  1 

f°t+ifj  =  —  y  [<o  (or)  —  ®(oj]; 

'P,(D  =  -J  <*>(£)• 

Let  us  determine  the  integral  on  the  left-hand  side  of  eq.(4)  for  the  repre¬ 
sentative  function  (l): 


(5) 

(6) 


n  v '  ~  +  c£b  +  ci£  +  "V  ; 

•  It] 

c»  =  ti\  cs  =  —  (m  -f-  3kn);  c^k-}-  7mn  +  3 k(m  +  3 kn); 

«Po(0“2  aJ?\ 

2sii  ^  %  (a)  a  g  “  4*  2a2C0^8  +  3a3C9^7  +  4a*c8£6  + 

v 

+  (5a6c0  +  a;c6)  £*  +  (6a6c9  +  2a2c6)  C4  +  (7a:c9  +  3**.)  £3  4- 
+  (8ogCg  +  4a4c6 )  £2  +  (9aec9  -f-  5asCj-(-  OiCi)  £  -f-  10a10cs  -f-  oa^Cj  -f-  2 !<z3c1. 


(7) 


(8) 


(9) 
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The  integral  on  the  right-hand  side  of  eq.(/+)  is  equal  to 


w\l^id°’‘E§K+K‘~mV+ "t“)’ 


(10) 


After  substitution  of  the  resultant  expressions  into  eq.  (4)  and  after 
equating  the  coefficients  of  the  same  powers  of  £,  we  find  that  the  even  coef¬ 
ficients  aj,  are  zero.  Therefore, 


<Po  (0  =  aiC  +  a3£\+  atf  +  a&  +  +  an?\ 


(11) 


where  the  coefficients  sought  are  determined  from  the  equations 


Consequently 


fliCj  +  a9  =  0; 

5a5c9  +  atcfl  +  a„  =  0; 


3a3c#  q-  o.’j 


pB 

L _ _  trt  * 


m\ 


—  -  pB , 

ICL^C^  +  3ctgCg  *f-  fla  —  ~2  &  t 


_  pB  pB 

9a0c0  +  5 a6c6  +  +  ai  *2“ •  au  ~  2 


v  ©  =  fll5  +  a353  +  +  au£u+  T  “ (5)  ‘ 


(12) 


(13) 


On  the  contour  of  the  opening,  a0  equals 


where 


This  means  that 


a.  =  4  Re  ©  (o), 


<D(cr)  = 


9  '(0) 


(O' (o) 


P  1  W 
4  i~w'(o) 


<*»  =  P  +  4  Re  -7 


%(<*) 


(o' (a)  ■ 


(14) 
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(15) 

(16) 


For  the  representative  function  (l)"’,  we  have 

Ag  +  i4a  cos  20  +  i44  cos  46  +  Ag  cos  60  +  At  cos  80  + 

_  _ _ +  /110  cos  106-M12cos  12  0 _ 

0 — P+  B(D0  +  Dt  cos  40  +  Ds  cos  80  +  Du  cos  1 20) 


=  P+  4 


a  ( k ,  w,  n,  0) 
Bfi  (A,  m,  «,  0)  * 


(17) 
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where  Aq  ,  kz,  . ..,  Eb  ,  D* ,  ...  are  known  functions  with  k,  m,  and  n. 

We  will  now  attempt  to  satisfy  the  requirements 
responding  to  onax  ,  is  determined  from  the  condition 
the  equality 

at  a 

Pi  (18) 

where  otq  and  3q  are  derivatives  of  a  and  3  with  respect  to  0 . 

The  equality  of  the  maximum  stresses  on  the  curvature  and  at  the  point 
marking  9  =  90°  is  written  in  the  form 


posed.  The  angle  9  cor- 
9o 

—-So—  =  0  which  leads  to 


„  —  3a3  +  7a7—llgu  _a(k,m,n,Bl) 

90  max  —  1  +  3£  +7m  +  1 1/i  ~  J(k,  m,  n,  GJ 


(19) 


Let  us  minimize  the  value  of  o. ax  *• 


,  da  Jf  t  da  ,  ,  da  ,  n 

da  =  -^.—  dk  +  3 —  dm  —dn  —  0  . 
dk  dm  dn 


(20) 


If  we  bear  in  mind  eq.(20)  and  the  connectivity  formula  (2),  we  obtain 


dk 


da  nn  *  t  .  d<7(in  ,  ;  .  dffgo 


dk 


'00 

dm 


dm  ~  dn 
dn 


dn  —  0; 

(21) 

dn  —  0 . 

(22) 

To  find  the  minimum,  in  the  presence  of  connectivity,  we  used  the  inde¬ 
terminate  Lagrange  multipliers.  In  the  special  case  under  consideration,  how¬ 
ever,  when  the  number  of  connectivity  conditions  is  one  less  than  the  number  of 
parameters,  we  can  determine  the  minimum  without  making  use  of  Lagrange  multi¬ 
pliers.  From  eqs .  (21)  and  (22)  we  find  the  values  of  and  and  substi- 

tute  them  into  eq.(20}*  The  transformations  reduce  the  determinant  to  zero 

do  0q  dcroo 
dk  dk  dk 

da  dq  da00 
dm  dm  dm 

da  dq  da00 
dn  dn  dn 

Hereafter,  the  subscripts  9  and  max  after  a  will  be  omitted. 


=  0. 
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(23) 
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Equations  (2),  (18),  (19),  and  (23)  will  yield  the  required  values  of  k, 
m,  n,  and  0 . 


This  problem  involves  a  large  computational  effort,  so  that  we  solved  a 
simpler  problem  as  a  typical  example.  The  representative  function  was  taken  in 
the  form 


z  =  (o  (£)  =  B 


(24) 


In  determining  the  parameters  k  and  m,  we  stipulated  that  the  first  two 
conditions  be  satisfied,  namely,  a  prescribed  £n  i  n  and  equality  of  the  greatest 
stresses  near  0  =  4^  and  the  stress  at  0  =  90°  .  Thus,  the  parameters  k  and  m 
and  the  angle  0,  corresponding  to  the  maximum  stress,  can  be  determined  from 
eqs.(2),  (18),  and  (19)*  For  a  prescribed  pm i n  ,  the  following  was  taken  into 
account:  The  representative  function  for  an  infinite  plate  with  the  square 
opening  has  the  form  (Bibl.2) 


z  =  o>(C)  6  ^3^56^7  176 (25) 

Confining  the  calculation  to  the  first  two  terms  of  the  series  and  assum¬ 
ing  that 


z  =  «(£)  =  £ 


(26) 


we  obtain  pEiin  =  0.U3  =  0.06a,  where  a  is  the  length  of  a  side  of  the  square. 
The  same  value  poin  =  0.1B  was  also  adopted  for  our  example. 

The  required  quantities  were  found  to  be:  k  =  0.074*  m  =  0.0307,  0  “  4^  • 

The  sketch  shows  the  configuration  of  the  notches  and  the  stress  distribu¬ 

tion  over  the  contour,  plotted  against  the  angle  0  for  the  interval  0  +  90° 
with  reference  to  the  representative  functions  (26)  and  (24)  and  denoted,  re¬ 
spectively,  by  1  and  2.  The  maximum  stresses  were  decreased  from  3*86p  on  the 
contour  1  to  3-07p  on  the  contour  2,  or  by  20^. 

Similar  auxiliary  calculations  show  that,  for  pmin  =  0.2B  (k  =  0.074*  m  = 
=  0.0136)  the  maximum  stress  is  decreased  to  2.52p.  Consequently,  amax  is 
found  to  be  even  smaller  (by  16%)  than  for  the  circle  into  which  the  contour  of 

a  square  is  transformed  with  increasing  radius  and  for  which  anax  =  3p*  Conse¬ 

quently,  this  result  is  of  particular  interest.  We  note  that  priin  =  0.2B  is  a 
frequently  encountered  radius. 

In  this  connection  we  note  the  following  two  facts: 

A.  When  a  unit  circle  on  an  infinite  plane  with  a  notch  of  function  (25) 
is  used  for  the  representation,  the  maximum  radius  of  curvature  at  the  point 
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0  =  kf  will  be  0.1B,  if  the  calculation,  as  already  mentioned,  is  confined  to 
the  first  two  terms  of  eq.(26),  while  with  increasing  number  of  terms,  the 
value  of  the  radius  varies  discontinuously  (0.1B;  0.0417B;  0.0242B;  ...)•  In 


practical  application,  we  meet  notches  for  which  poln  is  considerably  greater 
than  0.1B  and  notches  for  which  p„ln  does  not  fit  into  the  quantities  that  can 
be  obtained  by  replacing  the  series  (25)  by  a  polynomial.  Therefore,  from  /13ft 
this  point  of  view,  it  is  desirable  to  introduce  parameters  permitting  repre¬ 
sentations  with  a  prescribed  radius  of  curvature. 

B.  In  the  example  considered  here,  we  used  only  a  single  condition  with 
respect  to  the  stresses,  namely,  that  the  stress  near  an  angle  of  4?  be  re¬ 
duced  relative  to  the  stress  at  an  angle  of  0  =  90° .  If  we  satisfy  the  second 
requirement,  i.e.,  the  minimization  of  cr„  a x  ,  and  if  we  introduce  a  larger  number 
of  parameters,  then  it  can  be  assumed  that  the  stresses  will  be  still  further 
reduced . 
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